Abstract: By using sample units (SUs), the generalized data envelopment analysis (DEA) method can evaluate the efficiency of decision making unit (DMU) through different reference sets, but the existing models are radial models, and the DMU is treated as a black box, rarely taking the operations of the internal divisions into account. This paper proposes a generalized network slacks-based measure (SBM) approach based on the SUs. First, the generalized network SBM approach for a basic two-stage structure is proposed. This paper considers the intermediate products in calculating the divisional efficiency for each DMU. Overall efficiency of DMU is a weighted average of the divisional efficiency. The weight of each division does not need to be given in advance. Since the DMUs set and SUs set are not necessarily the same, this paper proposes an improved generalized network SBM approach for a basic two-stage structure to solve the problem that the original model may be infeasible. Then, the approach for basic two-stage structure is extended to general multi-stage structure. Finally, an example is given to show the practicability of the generalized network SBM approach.
Introduction
Data envelopment analysis (DEA) as proposed by Charnes, Cooper, and Rhodes [1] , is an approach for measuring the relative efficiency of a set of homogenous decision making units (DMUs) with multiple inputs and multiple outputs [2] . There are many theoretical developments and practical applications being reported (see, for example, the review of Zhou et al. [3] ; Liu et al. [4] ; Kao [5] ; Sueyoshi et al. [6] ; Emrouznejad et al. [7] ).
In traditional DEA approaches, DMUs are treated as a whole unit, or a black box, and only the inputs supplied from the outside and the outputs sent to the outside are considered in measuring efficiency, ignoring the intermediate products produced and consumed within the system, without taking the operations of the internal divisions into account [8] . There are two major drawback of this; one is that inefficiencies arising from the organization of activities within this internal structure cannot be addressed, which limits the amount information that can be gained to improve the system efficiency [9] , and the other is that this may produce misleading results, for example, the system is efficient, while the component divisions are not.
The early papers that discussed the component stages of DMU are Färe and Grosskopf [10] and Wang et al. [11] . Färe and Grosskopf [12] firstly proposed network DEA which considers multi-stage
The Slacks-Based Measure Model
Suppose there are n DMUs. Each DMU has m inputs and s outputs. Let x j = (x 1 j , . . . , x mj ) T , where x ij denotes the ith input of DMU j, y j = (y 1 j , . . . , y sj ) T , where y rj denotes the rth output of DMU j. Assume that all data are positive, i.e., x ij , y rj > 0 for all possible j = 1, 2, . . . , n, i = 1, 2, . . . , m, and r = 1, 2, . . . , s.
The production possibility set P is defined as
x j λ j , y ≤ n j=1 y j λ j , λ j ≥ 0
Tone [35] proposed the SBM model to evaluate the efficiency of DMU (x 0 , y 0 ), 
The left-hand sides of the constraints in the SBM model form the efficient frontier of the model. The objective function in SBM is a function of input and output slacks that would otherwise be neglected in the classical DEA model. The SBM efficiency score is bounded between zero and one, and the lower the score, the lower the relative efficiency [35] . This paper will use a superscript "*" to denote the optimal solution value of a variable in the SBM model.
The SBM model is a fractional programming problem which can be transformed into a linear problem by using the Charnes-Cooper transformation (see Charnes et al. [1] ). Refer to Tone [35] for details. Let the optimal solution of SBM be ρ * , s * − i , s * + r , λ * j . Tone [35] defines that a DMU is SBM-efficient if ρ * = 1. Equivalently, a DMU is SBM-efficient if s * − i = s * + r = 0 for all i and r. Tone and Tsutsui [36] proposed a network DEA with slacks-based measure to evaluate both divisional and overall efficiencies of DMUs. From the reference set of evaluation, Figure 1 illustrates that the perspective of generalized network SBM is different from that of a traditional network SBM when dealing with problems. In the traditional network SBM approach, the reference set is made of all the efficient DMUs. The decision maker can only get information which is compared with efficient DMUs. In the generalized network SBM approach, the decision maker can get more information by choosing the reference set freely. The objects to be compared are not only efficient DMUs, but also normal DMUs (such as the criterion for judging a university's level of scientific research), inefficient DMUs, or special DMUs (such as the selected sample, standards or some specific objects).
Let A be DMUs set, B be the reference set (or SUs set). The relationship between DMUs set and SUs set in the generalized network SBM approach is shown in Figure 2 . From the reference set of evaluation, Figure 1 illustrates that the perspective of generalized network SBM is different from that of a traditional network SBM when dealing with problems. In the traditional network SBM approach, the reference set is made of all the efficient DMUs. The decision maker can only get information which is compared with efficient DMUs. In the generalized network SBM approach, the decision maker can get more information by choosing the reference set freely. The objects to be compared are not only efficient DMUs, but also normal DMUs (such as the criterion for judging a university's level of scientific research), inefficient DMUs, or special DMUs (such as the selected sample, standards or some specific objects).
Let A be DMUs set, B be the reference set (or SUs set). The relationship between DMUs set and SUs set in the generalized network SBM approach is shown in Figure 2 . Consider the basic two-stage structure in Figure 3 . We assume that there are n DMUs are observed, and there are n SUs in the reference set. The DMUs and SUs have m inputs and s outputs, and contain two divisions. There are h intermediate products between two divisions. 
DMU
x y z ( , , ) From the reference set of evaluation, Figure 1 illustrates that the perspective of generalized network SBM is different from that of a traditional network SBM when dealing with problems. In the traditional network SBM approach, the reference set is made of all the efficient DMUs. The decision maker can only get information which is compared with efficient DMUs. In the generalized network SBM approach, the decision maker can get more information by choosing the reference set freely. The objects to be compared are not only efficient DMUs, but also normal DMUs (such as the criterion for judging a university's level of scientific research), inefficient DMUs, or special DMUs (such as the selected sample, standards or some specific objects).
x y z ( , , ) DMU (x p , y p , z p ), p = 1, . . . , n. SU (x j , y j , z j ), j = 1, . . . , n. The Division 1 uses m exogenous inputs x ip (x ij )(i = 1, . . . , m) to produce h endogenous outputs (intermediate products) z gp (z gj )(g = 1, . . . , h). The Division 2 treats z gp (z gj )(g = 1, . . . , h) as endogenous inputs to produce s exogenous outputs y rp (y rj )(r = 1, . . . , s).
T SU = (x 1 , y 1 , z 1 ), (x 2 , y 2 , z 2 ), . . . , (x n , y n , z n ) is the SUs set. T DMU = (x 1 , y 1 , z 1 ), (x 2 , y 2 , z 2 ), . . . , (x n , y n , z n ) is the DMUs set. If T SU = T DMU , it was the self-evaluation system.
Kao [15] believes that there may be potential conflicts between the intermediate products of the two divisions. As shown in Figure 3 , the Division 1 may need to increase intermediate outputs to improve its efficiency, but such an approach will increase the inputs of the Division 2, thus reducing the efficiency of the Division 2 [15] . For intermediate products, Tone and Tsutsui [36] proposed two cases. One is the free-link value case, and the other is the fixed link value case. To resolve this potential conflict between the two divisions, and to discuss the projection properties of the DMU, Chen et al. [9] proposed the variable intermediate measures SBM (VSBM) model. Intermediate measures is a variable, and can increase or decrease freely in the VSBM model.
According to the study of Chen et al. [9] , and structural nature of the production possibility set in Tone and Tsutsui [36] , the production possibility set of n SUs is defined as
The parameter δ is a binary parameter which equals only 0 or 1. Here δ = 0 indicates constant returns to scale, while δ= 1 indicates variable returns to scale. T 2 is called the sample production possibility set.
Based on model in Chen et al. [9] , and the sample production possibility set T 2 , we propose the generalized network SBM model for basic two-stage structure (hereinafter referred to as the G-BNSBM 2 model), see model (4) . Intermediate measuresẑ gp (g = 1, . . . , h) are variables.
The model (4) is fractional programming, which can be transformed into a linear programming problem by the Charnes-Cooper transformation [1] . Since the DMUs set and SUs set are not necessarily the same, the model (4) may not have a feasible solution.
When the model (4) has a feasible solution, this paper will use a superscript "*" to denote the optimal solution value of a variable in model (4) . The optimal solution of model (4) 
. . , h. Chen et al. [9] proposed the definition of VSBM efficient, and derived efficient frontier projection for each DMU based on the VSBM model. According to Kao's study [8] , this definition of VSBM efficient 
Kao [39] proposed the internal evaluation efficiency which is a weighted average of the divisional efficiency. Based on the study of Kao [39] , we let the weights of the two divisions be 
Considering the intermediate products, this paper calculates the overall efficiency as Definition 2.
Definition 2.
If the model (4) has a feasible solution, the overall efficiency of the DMU (x p , y p , z p ) relative to the SUs is
If the model (4) is infeasible, the overall efficiency and divisional efficiency of the DMU cannot be calculated concretely. The model (4) is infeasible, because there is exogenous input of Division 1 which is smaller relative to SUs, or there is exogenous output of Division 2 which is bigger relative to SUs. 
The model (8) is fractional programming, which can be transformed into a linear programming problem by the Charnes-Cooper transformation [1] . This paper will use a superscript "*" to denote the optimal solution value of a variable in model (8) . The optimal solution of model (8) is (8) is calculated. The divisional efficiencies of the DMU (x p , y p , z p ) relative to the SUs are
Definition 3. If the model (4) is infeasible, model
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We let the weights of the two divisions be (8) is calculated. The overall efficiency of the DMU (x p , y p , z p ) relative to the SUs is
The Generalized Network Slacks-Based Measure Approach for General Multi-Stage Structure
In this paper, we have proposed a generalized network SBM approach for basic two-stage structure which is a closed system, where the outputs from Division 1 become the inputs to the Division 2, and where no other inputs enter the process in Division 2 as shown in Figure 3 . While the basic two-stage structure does exist in production processes, there are processes whose structure do not fulfill the condition in Figure 3 . The more prevalent production processes are those where both stages are allowed to consume exogenous inputs and to produce exogenous outputs. This structure is a general network structure which is open system. This section extends our proposed approach to general network structure.
We assume that there are n DMUs are observed, and there are n SUs in the reference set. The DMUs and SUs have m inputs and s outputs, and contain K divisions. There are h intermediate products between divisions. The network structure of DMUs and SUs is the general multi-stage structure as shown in Figure 4 .
We let the weights of the two divisions be 
We assume that there are n DMUs are observed, and there are n SUs in the reference set. The DMUs and SUs have m inputs and s outputs, and contain K divisions. There are h intermediate products between divisions. The network structure of DMUs and SUs is the general multi-stage structure as shown in Figure 4 . The Division k of DMU
x x i I and the endogenous inputs
), i ∈ I (k) and the endogenous inputs z
produced by Division k-1 to produce the exogenous outputs y
denote the set of the indices of the exogenous inputs of the Division k. I (k) are disjoint for all divisions, I (k) ⊂ {1, 2, . . . , m}, and
denote the set of the indices of the exogenous outputs of the Division k. denote the set of the indices of the endogenous inputs of the Division k. z 
)} is the SUs set.
)} is the DMUs set. If T SU = T DMU , it was the self-evaluation system.
Similar to the basic two-stage structure, the production possibility set determined by n SUs is defined as follows,
The parameter δ is a binary parameter which equals only 0 or 1. Here δ = 0 indicates constant returns to scale, while δ= 1 indicates variable returns to scale. T K is called sample production possibility set.
According to the construction idea of the G-BNSBM 2 model, we propose the generalized network SBM model for general multi-stage structure (hereinafter referred to as the G-GNSBM K model), see model (13) . Intermediate measuresẑ
The model (13) is fractional programming, which can be transformed into linear programming by Charnes-Cooper transformation [1] . Since the DMUs set and the SUs set are not necessarily the same, the model (13) may not have a feasible solution.
When the model (13) has a feasible solution, this paper will use a superscript "*" to denote the optimal solution value of a variable in model (13) . The optimal solution of model (13) is s
are regarded as the endogenous outputs of the Division k, let t 
relative to the SUs are
Similar to the basic two-stage structure, the overall efficiency is defined as a weighted average of the divisional efficiencies. Let the weight associated with Division k be
Definition 6. If the model (13) has a feasible solution, the overall efficiency of the DMU (x
If the model (13) is infeasible, the overall efficiency and divisional efficiency of the DMU (x
) cannot be calculated concretely. The model (13) is infeasible, there is exogenous input of Division k which is smaller relative to SUs, or there is exogenous output of Division k which is bigger relative to SUs. Let α
. . , K) be the expected increased amount of exogenous inputs of Division k relative to SUs. Let α (k)+ r (r ∈ O (k) , k = 1, . . . , K) be the expected reduction amount of the exogenous outputs of Division k relative to SUs. Based on the above consideration, we propose an improved generalized network SBM model for general multi-stage structure (hereinafter referred to as the G − GNSBM K model), see model (19) . Intermediate measuresẑ
The model (19) is fractional programming, which can be transformed into a linear programming problem by the Charnes-Cooper transformation [1] . This paper will use a superscript "*" to denote the optimal solution value of a variable in model (19) . The optimal solution of model (19) is α 
Definition 7. If the model (13) is infeasible, model (19) is calculated. The divisional efficiencies of the DMU
) relative to the SUs are
Similar to the basic two-stage structure, the overall efficiency is defined as a weighted average of the divisional efficiencies. Let the weight associated with division k be 
Numerical Examples
Suppose there are 10 power companies of the same type. The operation of the power company is divided into three stages, as shown in Figure 5 .
In order to further improve productivity, the 10 power companies have introduced advanced technology and equipment, thus effectively improving production. This paper uses the generalized network SBM model to analyze the efficiency changes before and after technological innovation. 
Suppose there are 10 power companies of the same type. The operation of the power company is divided into three stages, as shown in Figure 5 . Tables 1 and 2 are the relevant data of power companies before and after technological innovation (some of the data are from Tone and Tsutsui [36] ). A simple descriptive statistical analysis of data is given in Table 3 . Table 1 . Index data of power company before technological innovation [36] .
DMU

Division 1 Division 2 Division 3
Intermediate Products Table 2 . Index data of power company after technological innovation.
DMU Division 1 Division 2 Division 3
Intermediate Products Table 3 . Descriptive statistical analysis of data.
Variables x
(1) 1p In the following, the generalized network SBM model is applied to calculate the efficiency of 10 power companies before and after technological innovation under the condition of variable returns to scale, taking the index data of 10 power companies before technological innovation as reference SUs. In the model (13) and (19) , let K = 3, δ = 1. The model based on (13) is:
In the model (25),
are the data of SUs. SUs are 10 power companies before technological innovation.
The model (25) is fractional programming, let 1 + (1/2)(s
. Model (25) can be transformed into linear programming as follows:
This paper will use a superscript "*" to denote the optimal solution value of a variable in model (25) . The calculation result of model (25) is shown in Tables 4 and 5 .
When the index data of 10 power companies before technological innovation are taken as reference SUs for evaluation, the overall efficiency and divisional efficiency of each power company before technological innovation are calculated ( Table 4 ). The DMUs set and the SUs set are the same. That is the self-evaluation system. At this time, the model (25) degenerates into the traditional network SBM model, which can measure the overall efficiencies and divisional efficiencies of all power companies, and the calculation results are consistent with Kao [8] . Table 4 shows the overall efficiencies and three divisional efficiencies of the 10 companies. The efficiencies of the three divisions are shown in columns 4, 8, and 11 of Table 4 . The numbers in parentheses are the weights of the corresponding divisions for calculating the overall efficiency. The calculation of divisional efficiency is shown in Definition 5. t is the excessive amount of the endogenous input of the Division 2, and t
is the insufficient amount of endogenous output of the Division 2, and t
is the excessive amount of the endogenous input of the Division 3, and t
)]. Denote the weights associated with the three divisions as ω (1) 
)], and
). Divisions with smaller efficiencies are those that cause unsatisfactory system performance. For most DMUs, the efficiency of Division 1 is lower compared to that of the other two divisions. The Division 1 is the power generation division. The last column in Table 4 shows the overall efficiencies of 10 power companies. The calculation of overall efficiency is shown in Definition 6. The overall efficiency is a weighted average of the divisional efficiencies. For example, the overall efficiency of company 2 is 0.5170, which is equal to 0.3314 × 0.2111 + 0.3756 × 0.5633 + 0.2930 × 0.8038.
When the index data of 10 power companies before technological innovation are taken as the reference SUs for evaluation, the overall efficiency and divisional efficiency of each power company after technological innovation are calculated ( Table 5 ). The DMUs set and the SUs set are different.
Based on model (25) , Table 5 shows the overall efficiencies and three divisional efficiencies of the 10 companies after technological innovation. Table 5 . Overall efficiencies and divisional efficiencies of 10 power companies after technological innovation under the condition of variable returns to scale. The variables in Table 5 are consistent with Table 4 . The efficiencies of the three divisions are shown in columns 4, 8, and 11 of Table 5 . The numbers in parentheses are the weights of the corresponding divisions for calculating the overall efficiency. The last column in Table 5 shows the overall efficiency of DMU. As can be seen from Table 5 , when the model (25) is used to calculate the efficiencies of 10 power companies, it is infeasible for companies 3, 5, 8, and 9. At this time, the efficiencies of these four companies cannot be obtained by the application of model (25) . The efficiency score can be further calculated by the improved model (19) . The model based on (19) is:
In model (27) ,
The model (27) is fractional programming, let 1 − (1/2)(α
. (28) This paper will use a superscript "*" to denote the optimal solution value of a variable in model (27) . The calculation result of model (27) is shown in Table 6 . Table 6 shows the overall efficiencies and three divisional efficiencies of companies 3, 5, 8, and 9. The efficiencies of the three divisions are shown in columns 4, 8, and 11 of Table 6 . The numbers in parentheses are the weights of the corresponding divisions for calculating the overall efficiency.
The calculation of divisional efficiency is shown in Definition 7. β ). The last column in Table 6 shows the overall efficiencies of 10 power companies. The calculation of overall efficiency is shown in Definition 8. The overall efficiency is a weighted average of the divisional efficiencies. The overall efficiencies of 10 power companies after technological innovation is obviously higher than that before technological innovation. Table 6 . Overall efficiencies and divisional efficiencies of companies 3, 5, 8, and 9 after technological innovation under the condition of variable returns to scale with the model (27) . 
Conclusions
In this paper, we have proposed generalized network SBM approach based on SUs to extend the study of Ma [48] . Unlike the generalized DEA approach, our generalized network SBM model allows inputs or outputs to change non-proportionally, and take the operations of the internal divisions into account in measuring efficiency of DMU. Unlike Tone and Tsutsui's approach [36] , the proposed model does not require the weight of each division to be given in advance according to its importance to DMUs. Unlike Kao's approach [8] , the generalized network SBM approach can evaluate the DMU based on any reference set.
This paper firstly proposed a generalized network SBM model for basic two-stage structure, and then proposed a generalized network SBM model for general multi-stage structure. This generalized network SBM model can be employed to measure the overall efficiency and divisional efficiency, which consider the intermediate products in the calculating formula. The overall efficiency is a weighted average of the divisional efficiency, and is divisional efficiency aggregation.
In the generalized network SBM approach, the DMUs set and SUs set are not necessarily the same. When the DMUs set and the SUs set are the same, the generalized network SBM model degenerates into the traditional network SBM model. When the DMUs set and the SUs set are different, the generalized network SBM model may be infeasible. This paper proposed an improved generalized network SBM model, which can further solve the problem of no feasible solution.
The generalized network SBM approach can measure efficiency of DMU from the viewpoint of inside managers. The inside managers evaluate the overall efficiency of DMU taking all the exogenous (endogenous) inputs and outputs that are observable into consideration. The overall efficiency shows the aggregate performance of the divisions. The decision maker can use the overall efficiency to identify inefficient divisions to make improvements. Moreover, the generalized network SBM approach can evaluate the DMU based on any reference set. This provides a method for decision makers to evaluate the efficiency of DMU from multi-dimensions, not only by self-evaluation. The decision maker can get more information than from self-evaluation.
There is a related topic about the generalized network SBM approach for future research. We can study the decomposition of overall efficiency and discuss the relationship between overall efficiency and divisional efficiency in future research.
